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0. Introduction 
The boundary complex B(P) of a (convex) d-polytope PC Ed may be pro- 
jected into any of its facets ((d- l)-faces), Such a representation of S(P) in 
(d - l)-spnce is called a Schlegel-diagram of P (see [6]). A Schlegel-diagram is a 
special case of a more general object, called d-diagram, A finite family 9 = 
{DO} U % of polytopes in Ed shall be called a d-diagram provided 
(i) % is a geometric ell complex; * 
(ii) DO is a d-polytope such that DO = set %, and each face of DO is a member 
of V; and 
(iii) Cn bd DO is a member of V, whenever CE V (see [6]). 
We call Do the tsasic facet of the diagram. In a Schlegel-diagram this is the facet, 
into which the polytope is projected. 
The famous Theorem of Steinitz says that every 2-diagram is isomorphic to a 
Schlegcl-diagram of a 30pJ;lytope. So far, no such Theorem for higher dimensions 
is known, Moreover there are a lot of examples of 3=diagrams, which are not 
isomorphic to a Schlegel-diagram of a 4-polytope (see [1,4,5,6, El]), 
So, one has to look for additional conditions, a diagram has to satisfy in order 
to be a Schlegel-diagram, Given a polytope P, a Schlegel-diagram of P may be 
obtained by projecting P into an arbitrarily chosen facet. This implies that a 
Schlegel-diagram is invertable: A d-diagram 9 is called in~!\ertubfe if it may be 
realized with any of its d-cells serving as the basic facet DO+ Although the 
diagrams mentioned above turned out not to be invertable, this condition is not 
sufficient for a diagram to be isomorphic to a Schlegel-diagram. D, I3arnette 
constructed an invertable a-diagram with 14 vertices, which is not isomorphic to a 
Schlegel-diagram of a 4-polytope (see [3]), 
In Section 1 of this note we present another example of such an invertable 
$diagram, which has only 8 vertices, Our example is smallest possible with 
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respect o the number of vertices, because it is shown in [7] that each d-diagram 
with less than d + 5 vertices is isomorphic to a Schlegel-diagram of a (d + l>- 
polytope. Furthermore we modify 9 to obtain a diagram a’, which cannot be 
realized by a polyhedral 3-sphere in E4. 
In the second section the dual structure of 9 and 9’ will be investigated. Our 
Notation is according to Grfinbaum [6], but we shall abbreviate the convex hull of 
the points xl,. . . , x,, by [x,, . . . , x,,]. 
1. The diagrams 9J and 9’ 
The construction of 9 
We start with the 3-polytope Q shown in Fig. 1, and choose a point 7 E 
int Q\[2,3,5,6]. Now A = [2,3,5,6,7] is a doubletetrahedron. The other 3-cells 
of 9 are 
B = [I, 2,3,7], C = [4,5,6!, 71, D = L2,4,5,7], 
E = [I, 3,4,6,7], F= L2,3,81, G = [4,5,6,81, 
~=LW,Wl, I= [L 3,4,6,8], K = [2,3,5,3], 
and 
L = 13,5,4,8], 
where 8 is a point in 3=space, from which all 2-faces of Q but one can be seen. 
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Fig. 1. 
For each 2-face of Q there is a realization af Q, for which such a point 8 exists, 
and it is always possible to choose at3 appropriate point 7 in the interior of 8. 
Thus 9 is realizable with each of the facets i;, . . . , L as the basic facet. 
To obtain a realization of 9 with oue of the facets B, . . . , E as the basic facet, 
we start with a realization of the polytope Q’ shown iii Fig. 2, where all It-faces 
but [ 1,2,3], [4,5,6], [I., 2,4,5], or [ 1 B 3,4,6] respectively can be seen from one 
point 7 of E3. Then we replace the faces [2,3,6], [2,5,6], and [2,6] by [2,3,5], 
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Fig. 2. 
[3,5,6], and [5,6], obtaining a 2-sphere, which bounds a non-convex but star- 
shaped ball 0. Now we get a realization of 9 by choosing 8 E int Q such that all 
faces of Q can be seen from 8. 
Finally we realize 9 with A as the basic facet by choosing a realization of Q, 
where all 2-faces but [2,3,5] and [3,5,6] can be seen from one point 7 of E3, 
and taking E int An appropriate realization of Q because the 
formed by the [2,3], [6,5], and [5,2] a shadow boundary, ~6 Q 
[2]). completes the that 9 invertable. 
9 contains the complex of as a subcomplex S. For any 
of in euclidian we dim S 3, because all the of S are 
the two 
Remark. There is a refin:ment of 9 without extra edges, which is isomorphic to 
the Schlegel-diagram of the bypyramid with basis Q. (Just replace A by the two 
tetrahedra [2,3,5,7] and [S, 5,6,7].) On the other hand there exist c!i.agrams, 
isomorphic to a Schlegel-diagram of a 4=polytope, which have a refinement 
without extra edges, that is not isomorphic to a Schlegel-diagram. So, the 
operation “refinement without extra edges” neither preserves the property of 
being isomorphic to a Schlegel-diagram nor the converse one. 
The combinatorial structure of 9 may not be realized by the boundary complex 
of a 4-polytope, but it may be realized by a polyhedral 3-sphere. For this purpose 
one has only to realize all the cells of 9, which are. not incident to 8, within a 
hyperplane H of E4, and then choose 8 E E4\ H We shall now change 9 into a 
diagram $Z?J’, cannot even realized by polyhedral sphere. 
The construction f !SD’ 
We start with a realization of 9 with C = [4,5,6,7] as the basic facet, and the 
additional property that the segment [7,8] meets the triangle [I, 2,3] in a 
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relatively interior pail/l t. Now 9’ is obtz&d from 9 by replacing the two 
tetrahedra [ 1,2,3,7], /11,2,3,8], and the t!ri;lngle [ 1,2,3] by the doubletetrahed- 
ran [ 1,2,3,7,8]. The assumption that 9’ iA realized by a polyhedral 3-sphere 9’ 
in euclidian space yieMs the contradiction dim aff Y’ = 3. 
2. Tbe doal structure sf 93 and 9 
For each polytope P there exists the dual polytope P*, i.e. a polytope, whose’ 
boundary complex may be mapped onto the boundary complex of P by a 
bijective, inclusion-re:versing mapping. So, for each Schlegel-diagram of a 
polytype P there exists a dual diagram, namely a Schlegel-diagram of P*. For 
most of the known 3=diagrams, which are not isomorphic to Schlegel-diagrams, 
the non-existence of dual diagrams has been proved. In fact it has been shown 
that not even their 2-skeletons may be realized by plane convex cells in euclidian 
space (see [4], [S]). We shall now prove the same result for the diagrams 9 and 
9, 
Let us assume there is a diagram a*, which is dual to the diagram 9 of the last 
section. Fig. 3 shows the S-cells of ka”, corresponding to the vertices 4, 5, and 6 of 
Fig. 3. 
9% (k -faces of 9 and the corresponding (3 - k)-f aces of 9 * are denoted by t% 
same symbols.) In a triangular prism the affine hulls of the three edges, which atze 
not contained in the boundary of a triangular face, intersect in one point (which 
may be at infinity). So, considering the faces 4 and 6 of 9*, we find that the lines 
%M{E, I), m=aff {H, D}, ~=afF{C, G}, and AL= aff {A, L) meet in one 
point P. From this we get a contradiction by looking at face 5 of 9*. Because P 
lies on m, we have PE aff {A, D, H, K). On the other hand P is on AL, akld 
thereby P = A. Now [A, L] and [C, G] cannot be edges of [A, C, G, L], because 
their affine hulls intersect in A. This proves that 9* do& not exist. 9’* also does 
not exist, because 4, 5, and 6 would be 3-cells of 9’* as well. 
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